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1. Introduction 

Degasperis and Procesi [1] showed, using the method of asymptotic integrability, that the PDE 

Ut - Uxxt + (6 + l)uUx = bUxUxx + UUxxx (1.1) 

cannot be completely integrable unless 5 = 2 or 6 = 3. The case 6 = 2 is the Camassa Holm (CH) shallow 
water equation [2], which is well known to be integrable and to possess multi-soliton (weak) solutions with 
peaks, so called multi-peakons. Degasperis, Holm and Hone [4l[5] proved that the case 6=3, which they called 
the Degasperis Procesi (DP) equation, is also integrable and admits multi-peakon solutions. They found the 
two-peakon solution explicitly by direct computation. 

In this paper we show some exact solutions for the generalized mDP equation [3 [5| 

Ut - Uxxt + {b+ l)u'^Ux = bUxUxx + UUxxx (1-2) 

for any h ^ —1 and 6 7^ —2 by using three distinct methods: The Cole-Hopf transformation, the rational 
hyperbolic ansatz and the improved tanh-coth method. 
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2. The Cole-Hopf transformation 
We seek solutions to (|1.2p in the form of a generahzed Cole-Hopf transformation [3] [5] 

u = A-^\ogil + ^{x,t))+B, (2.1) 

for the special choice 

ip{x, t) = exp(^a; + \t + 5), (A 7^ 0, A 7^ and ^ ^ 0.) (2.2) 
From (|2.ip and (|2.2p it follows that solutions have the form 

2(l + coshO.^ + Ai)) ^^■^^ 
Applying this transformation and defining Q = exp(/ca; + cjt + (5), we obtain a polynomial equation in the variable 
Q. Equating the coefficients of the different powers of Q to zero, we obtain the following algebraic system : 

• Bix^ + A^i^ - {bB^ + B^)n-X = 0. 

• Bfi^ + A^2 + l^bB^ + ^2) ^ + A = 0. 

• {bA + A)n^ - {2AB + 2AbB + 95)^^ _ g)^^2 _ (^^^^2 ^ 3^2^ - 3A = 0. 

• {bA + A)n^ + {2AB + 2AbB + 95)^^ _^ ^^^2 _^ ^35^2 ^ 3^2j + 3;^ = 0. 

• {bA^ + A^ + 5M + llA) fi^ + {2AB + 2AbB + lOB)^^ + lOXfi^ + {2bB'^ + 2B^) /i + 2A = 0. 

• (6^2 + A^ + 56A + llA) fi^ + {2AB + 2AbB + lOB)^^^ + lOA/i^ + (26B2 + 2B^) ^ + 2A = 0. 
Solving this system gives following solutions : 

6(b+2) 



-2) p 2p"-l+fc(p"-l) + ^l-fc(b+2)(^^-l) 1 (u ^ A R ;/L I ow 4 TT^ 

B^ ^ 5(6^1) , A = [b+l- ^l-b{b + 2) (^4 - 1)J : 

ui{x,t) 



2/i2 - 1 + 6 (^2 _ 1^ ^ yT~6(6T2HM^^ 



2(6+1) 

6(6 + 2)^2 



A 



2(6+1) (1 + cosh(^x- \ {b+l- v/1 - 6(6 + 2) (/^4 _ 1)^ ^^^^ 
= ^^^:^£±V^l^t^^EMEn), A = -iM(6+l + yr36(6+W^) : 

6^.2 + 2^.2 _ 1 _ ^ _ _ ^ 2) (/i4 - 1) 

"^^"'') = 2(6TT^ 

6(6 + 2)^2 

2(6 + 1) (1 + cosh x - i (6 + 1 + ^l-b{b + 2) (m^-1)) M*)) 

3. The rational hyperbolic ansatz 
According this method, we seek solutions in the form 

ao + ai sinh(^) + aa cosh(^) 

u(a;,<) = u(0 = — r-TTTT . , (3.1) 

^ ' ^ 1 + ci smh(0 + C2 cosh(^) ^ ' 

where = x + \t and A, oq, ai, 02, ci and C2 are constants to be determined. Changing the hyperbolic functions 
sinh(^) and cosh(^) to their exp form and substituting the resulting expression into (|1.2p . we obtain a polynomial 
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equation in the variable C = exp(^). Equating the coefficients of the powers of C to zero, we obtain an algebraic 
system in the variables A, ao, ai, a2, ci and C2- After solving this system, we get the following solutions. 

• A = -|, ao = --^p^, ai = 0, a2 = 5^, ci = 0, C2 = 1 : 

, , 36 + 5 -cosh (a; - ^) 

U3{x,t)-- ^ 2/ 



(6+1) (l + cosh(a;- !))■ 
A = -|, ao = -f^, ai =0, a2 = ci =0, C2 = -1 : 

36 + 5 + cosh {x- f ) 



U4{x, t) = — 



(6+l)(l-cosh(a;- ^)) 



• A = -| - 1, ao = --^^pr^, ai =0, a2 = 0, Ci =0, C2 = -1 : 

3(6 + 2) 



U5{x,t) 



(6+l)(l-cosh (a;-(l + |)t)) 
A = -| - 1, ao = ai = 0, a2 = 0, ci = 0, C2 = 1 : 

3(6 + 2) 



W6(a;,i) 



(6 + l)(l + cosh {x-{l + ^)t))' 



X = -l ao = -f^, ai = - ^^''+;;"^ -, C2 = a2(6+1), c, = - ^{b + l)^ai - 1 : 
-36 - 5 + (6 + 1) cosh {x - f ) aa - \/(& + l)^a| - 1 sinh (a; - f ) 



U7(a;,i) = 



(6 + 1) (1 - ^/{b + l)^al-lsmh (x - f ) + (6 + l)a2 cosh (a; - |)) " 



A=-|, ao = -f^, ai^ N/W-l 1 ^ C2 = a2(6+1), ci = ^(6+TM^ : 

-36 - 5 + (6 + 1) cosh (a; - f ) aa + y/(b+l)'^ai - Isinh (a; - f ) 



U8(a;,i) = 



(6 + 1) (1 + V(& + l)^a2- Isinh (x - f ) + (6 + l)a2 cosh (a; - |)) 



A = -| - 1, ao = - ^'^I^^P , ai = 0, a2 = 0, ci = v^c^ - 1 

3(6 + 2) 



UQ{x,t) = — 



(6 + 1) (1 + ^ci - 1 sinh (a; - (1 + |)t) + C2 cosh (a; - (1 + |)f 

A = -| - 1, ao = ai = 0, a2 = 0, ci = -v^^T^ : 

3(6 + 2) 



uw{x,t) 



(6 + 1) (1 + Vc2 - 1 sinh (a; - (1 + |)i) - C2 cosh (a; - (1 + |)t)) 
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4. The improved tanh-coth method 
The traveling wave transformation 

^ = x + \t 

reduces (|l.ip to the nonhnear ode 
We seek sohitions to (|4.2p in the form 



i=l 

where m is a positive integer that will be determined and ip — (p{^) satisfies the Riccati equation 

where a, (3, 7 are constants. The solutions of (|4.4p are given by: 

(1) If a = and /3 7^ 0, 

(2) If /3 = a = and 7 7^ 0, 



--1 + I3e-K' 



7C 



(3) If 7 = and /? 7^ 0, 

(4) If /3 = and 07 ^ 0, 



-a + /3e' 
J 





^ tan(y^^), 


a > 0,7 > 




tanh(^/a7^), 

7 

^ tanh(-V-a7'^), 


a > 0,7 < 




a < 0,7 > 


^(0 = 


-^^^ tan(— y/a7<^), 
7 


a < 0,7 < 



(5) If /3 7^ and (3^ = 4a7, 

(6) If < 4a7, 

(7) If 13^ > 4a7 and 7 7^ 0, 



2a(/?^ + 2) 



^\a-i - /32 tan (^5 ^4^7 - /^^c) - /? 



27 



_ 4Q,-^tanh - 4a7C) - /3 



(4.1) 
(4.2) 

(4.3) 

(4.4) 

(4.5) 
(4.6) 
(4.7) 



(4.8) 
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(4.9) 



(4.10) 



(4.11) 
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Substituting (14. 3p . along with (14. 4p into the left hand of (14. 2p and collecting all terms with the same power in 
(p{^), we get a polynomial in the variable tp — >f{^). This polynomial has the form 

+ qf^'^+^O + rip"'^^iO + lower degree terms (4.12) 

With m determined, we equate each coefficient of the polynomial to zero. This will give an overdetermined 
system of algebraic equations involving the parameters A, ao, and (i = 0, . . . , m). Having determined these 
parameters, and using (|4.3p and (|4.5p - (|4.1ip . we obtain analytic solutions u{x,t) in a closed form. 
To determine the parameter m, we usually balance the terms of highest order in the resulting polynomial. In 
our case, we determine m from equations 3m + 1 = 2m + 1, 3to + 1 = m + 1, 2m +1 = m + 3. This gives m = 
or m = 2. We define m = 2 to avoid trivial solutions, so solutions have the form 

u(0 - ao + aMO + 4k + «2^'(e) + ^TTT- (4-13) 

After solving the algebraic system , following solutions are obtained : 



First Case -.[5^0 and /J^ = Aaj. 

* °0 ^ 2(b+l) ^ 1' 01=0, 02=0, Ci = , C2 = fc^/ , A = -6-1 



6(b + 2)/32 



Second Case : a = and /3 7^ 0. 



-b/3"-2;3'^+f,+ Vl-fc(b+2)(/3-t-l) + l _ 6(b+2)/37 „ _ 6(b+2)7" ^ _ ^ - n 

• ao 2(b+T) ' "1 - fc+1 ' "2 - fc+i , Ci - U, C2 - U, 



A= v/l-^(& + 2) (/34-l)-l^ 

"12(2^, t) = -^((6 + 2)/32-&-l- ^1-6(6 + 2) (/34-I)) + 



2(6 

6(6 + 2)7/32 / 1 



+ 



6+1 \^e-'3?/3-7 (e-/3?/3__^)2y ■ 

2/?''+b(/3^^l)+Vl-fc(b+2)(/3-^-l)-l _ 6(b+2)/37 „ _ 6(b+2)7^ ^ _ ^ ^ - n 
• ao - 2(b+i) ' "1 - b+1 ' °^2 - —5+]—, Ci _ U, C2 - U, 

A= i(-6+ ^1-^(^ + 2) (/34-l)-l) : 

^^13 (a:, t) = ^^^^((6 + 2)/32-6-l + v/l-&(fe + 2) (/34-I)) + 



6(6 + 2)7/3 
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6+1 ye-Kp-j (e-/3?/3_^)2 

Third Case : P = and ^ : 



-8a7b+b-16a7+^b(b+2)(l-256Q272) + l + l 6(b+2)7^ „ 6(b+2)c 

• «o = , ai = , a2 = , ci = 0, C2 = 
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A = i (-6 - v/KH^2y0^^^256^VyTl - l) : 



-(6 + 1) - 16a7(6 + 2) - ^b{b + 2) (1 - 2660272) + 1 + 48aj{b + 2) csc^ (2y^^) 

Ui4{x,t) = 



2(6+1) 

• ao = 2(6+1) ' fll = , 02 = , Ci = 0, C2 = fe^j* , 

A = i (-6 + v'K^ + 2) (1 - 2560272) + 1 - 1) : 

-(6 + 1) - 1607(6 + 2) + ^6(6 + 2) (1- 2560272) + 1 + 4807(6 + 2) csc2 (2^/07^) 



2(6+1) 



• ao — 2(6+1) ' ^1 = ^' "2 = 0, Ci = 0, C2 = ^ ;,+ ! ' 

A = i (-6 - + 2) (1 - I60272) + 1 - 1) : 

-(6 + 1) + 807(6 + 2) - ^6(6 + 2) (1 - I60272) + 1 + 1207(6 + 2) cot2 (^07^) 



Ui6{x,t) = 



2(6+1) 



-8076+6- 16a7+^6(6+2)(l-16c<272) + l+i 6(6+2)7^ „ n 

• ao = ^^jipY^ , ai = 0, a2 = , ci = 0, C2 = 0, 

A = i (-6 - V^'(& + 2)(l -16a2^2) + i _ 1^ . 



, , -(6 + 1) + 807(6 + 2) - v'6(6 + 2) (1 - I60272) + 1 + 1207(6 + 2) tan2 (^07^) 



8a76-6+16a7+^/6(6+2)(l-16a272) + l-l n n n 6(6+2)0^ 

• ao = ^2(6+1) ' «i =0' ^^2 = 0, Ci = 0, C2 = , 

A = i (-6 + v'6(6 + 2) (1 - I60272) + 1-1) : 

-(6 + 1) + 807(6 + 2) + ^6(6 + 2) (1 - I60272) + 1 + 1207(6 + 2) cot2 (^707^) 



Ul8{x,t) 



2(6+1) 



8a76-6+16c«7+^/6(6+2)(l-16a272) + l-l 6(6+2)7^ n n 

• ao = 2(6+1) ' ^1 =0' ^^2 = ' Cl = 0, C2 = 0, 

A = i (-6 + + 2) (1 - I60272) + 1-1) : 

^ ^ -(6 + 1) + 807(6 + 2) + V6(6 + 2) (1 - I60272) + 1 + 1207(6 + 2) tan2 (^^) 
uMx,t) = 

Fourth Case : A ^ 0, where A = p"^ - 407 : 

24a7+2A+6(12a7+A-l)-^l-6(6+2)(A2-l)-l 6(6+2)/37 6(6+2)7= „ „ 

• ao - 2(6+1) ' - 6+1 ' "2 - 6+1 > Ci - U, C2 - U, 



A = I (-6 - ^1-6(6 + 2) (A2-1) - 1 



, , 2A(6 + 2) + 6 + 1 + - 6(6 + 2) (A2 - 1) 3(6 + 2)A^ /i 
= ^ 2(6Tir ^ ^ibTW 1 2 
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_ 24a7+2A+6(12Q7+A-l)+^1^6(b+2)(A2-l)-l _ 6(h+2)/37 _ 6(6+2)7=^ _ „ _ n 
• flo - TbTT) ' "1 ^ — b+1 — ' "2 - b+T — ' "^1 - U, C2 - U, 

i (-6 + v/1 - ^'(& + 2) (A2 - 1) - 1 



, , 2A{b +2)+b+l- y/l^b{b + 2){A^ - 1) 3(6 + 2)A^ fi 



_ 24a7+2A+6(12Q7+A-l)+^/l-h(6+2)(A2-l)-l _ _ _ 6(6+2)a/3 _ 6(b+2)c 

• flO — 2(fc+l) ' "1 — ^7 ^^2 — U, Ci — , C2 — jqij- 

A = i (-6 + v/l-6(6 + 2)(A2-l) - 1 

1 



U22{x,t) = ^^^((A + 12a7)(6 + 2) - (& + 1) + ^1 - 6(6 + 2) (A^ - 1)) 
12(6 + 2)a7 + ^/A tanh (^^VA^) (3 ~ 



(6 +!)(/? + %/A tanh (^VA.^ 



_ 24a7+2A+&(12Q7+A-l)-yr^6(fc+2)(A2^-l _ _ _ 6(fc+2)a/3 _ 6(6+2)0^ 

oo - 2(6+1) ' "1 - «2 - U, ci - — — , C2 - — 



A = i (^-6 - Vl-^'(& + 2) (A2-1) - 1^ 

«23(a:,i) = ((A + 12a7)(6 + 2) - (6 + 1) - Vl - bib + 2)(A2 - 1)) - 

12(6 + 2)a7 {j3^ + VA tanh (| VA^) /3 - 2a7) 
(6 + 1) (/3 + \/A tanh (iVA^))' 
5. Conclusions 

In this paper, by using three distinct methods and the help of a symbohc computation engine, we obtain 
some exact solutions for the equation The methods we employ certainly work well for a large class of 

very interesting nonlinear equations. The main advantage of these methods is that their capability of greatly 
reducing the size of computational work compared to existing techniques such as the pseudo spectral method, 
the inverse scattering method, Hirota's bilinear method, and the truncated Painleve expansion. We think that 
some of the solutions we obtained are new in the literature. 
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